We study the quasi-normal modes of asymptotically anti-de Sitter black holes in a class of shiftsymmetric Horndeski theories where a gravitational scalar is derivatively coupled to the Einstein tensor. The space-time differs from exact Schwarzschild-anti-de Sitter, resulting in a different effective potential for the quasi-normal modes and a different spectrum. We numerically compute this spectrum for a massless test scalar coupled both minimally to the metric, and non-minimally to the gravitational scalar. We find interesting differences from the Schwarzschild-anti-de Sitter black hole found in general relativity.
I. INTRODUCTION
The mysterious nature of dark energy [1] has galvanized a recent theoretical study of alternative gravity theories as one potential driving mechanism for the acceleration of the cosmic expansion. The search for new and phenomenologically interesting theories has led to a proliferation of scalar-tensor extensions of general relativity (GR) [2] [3] [4] [5] [6] . Many of these differ from the classical theories of modified gravity (such as Brans-Dickie) in that they include higher-derivative interactions, yet they are free of any Ostrogradski ghost instabilities because the equations of motion are second-order. These theories have received particular attention because they can self-accelerate cosmologically whilst simultaneously satisfying solar system tests of gravity by utilising the Vainshtein screening mechanism [7] [8] [9] [10] [11] [12] , which uses nonlinearities in the field equations to suppress deviations from GR.
Any scalar-tensor theory that has second-order equations of motion falls into the class of theories first derived by Horndeski [13] and independently re-derived by [14] [15] [16] . This class is defined by four free functions of a the scalar ϕ and its kinetic energy X = −g µν ∂ µ ϕ∂ ν ϕ/2 and a set of essential building blocks. Such an expansive theory has found use in a variety of cosmological and astrophysical scenarios from inflation [17, 18] to dark energy [19] [20] [21] [22] [23] to neutron stars [24] [25] [26] [27] and other astrophysical objects [28] [29] [30] [31] [32] [33] [34] [35] .
The enormous freedom in constructing models has enabled several examples of black holes (BHs) with scalar hair to be found. These circumvent the no-hair theorem [36] [37] [38] because it was derived assuming only first-order derivatives of the scalar and non-derivative couplings to curvature tensors (a no-hair theorem has been proved for asymptotic BHs in shift-symmetric Horndeski theories [39] with one loophole [40] [41] [42] ). A comprehensive and systematic review of hairy solutions in Horndeski theories as well as how to construct them can be found in reference [43] . In this work, we are concerned with the specific theory with a non-minimal derivative coupling of the scalar to the graviton
which has been well-studied in the literature 1 . Here m p is the reduced Planck mass, R is Ricci scalar and G µν is the Einstein tensor. In particular, in the absence of the canonical kinetic term, this theory is a specific example of the John class of fab-four theories, which can self-tune away a large cosmological constant [48] . The parameter z is a free coupling constant and Λ is a bare cosmological constant. Many cosmological and astrophysical scenarios have been studied in this theory, including inflation [49] , dark matter [50] , neutron stars [51] , etc. Besides, it has been shown that this theory admits hairy BHs that are asymptotically anti-de Sitter (AdS) [52] [53] [54] [55] . In the original construction [52] , the bare cosmological constant was absent and the scalar derivative ϕ 2 < 0 outside the horizon. Here prime is the derivative with the radial coordinate in the Schwarzschild system. This is problematic since it violates the null energy condition and ϕ is ultimately coupled to matter. Later, [53] [54] [55] showed that this pathology could be ameliorated by including a bare cosmological constant.
Whilst not particularly relevant for cosmology, the study of AdS BHs is especially important for the AdS/CFT correspondence [56] [57] [58] . Large AdS BHs describe (approximate) thermal states of the boundary CFT and it may be the case that AdS BHs in these theories are dual to an interesting strongly coupled threedimensional gauge theory. Similarly, the decay of a scalar outside the BH-quasi-normal modes (QNMs)-corresponds to perturbations of these states, and contain information about the time-scale for the system to reach equilibrium [59] [60] [61] [62] [63] [64] . In particular, the QNMs of AdS BHs correspond to poles of the retarded Green's function for the boundary CFT; we refer the reader to [63] and references therein for the applications of this to hydrodynamic systems.
Motivated by this, Minamitsuji has numerically calculated the fundamental QNM for a massless test scalar outside an AdS BH for this theory [65] . The purpose of this work is two-fold. First, we extend this calculation to the higher overtones and non-radial modes. Second, we calculate the QNMs for the case where the scalar is non-minimally coupled to the gravitational scalar ϕ; we investigate the lowest-order coupling that preserves the symmetries of ϕ and test scalar. In the former case, we find qualitatively similar behaviour as the fundamental QNMs calculated by reference [65] . In the latter case, we find that there is a critical value of the non-minimal coupling below which the effective potential has a different behaviour at asymptotic infinity so that the QNMs are not well-defined. We numerically calculate the QNMs for parameter choices where this is not the case and find that stronger non-minimal couplings increase the oscillation period and decay rate of the QNMs (at fixed BH horizon and derivative coupling constant).
This paper is organized as follows: in section II we introduce the specific BH studied in this work. The QNMs are calculated and discussed in section III (for both the minimal and non-minimal coupling) before concluding in section IV.
II. ADS BLACK HOLES IN DERIVATIVELY-COUPLED THEORIES
The theory defined by the action (1) admits AdS BH solutions of the form [52] [53] [54] [55] 
with
where the AdS length l is related to the coupling constant z and the cosmological constant Λ via
The BH horizon radius r h is the only real solution of F (r h ) = 0, and the Hawking temperature of this horizon is
In order for the solution for ϕ to be real, we need to impose
When this lower bound is saturated, one has ϕ (r) = 0, h(r) = 1, and the arctan term in F (r) vanishes. Therefore, we have an exact Schwarzschild-anti-de Sitter (SAdS) BH 3 . In the following, we will first study the QNMs for this case and compare them with known results in the literature [62, 65] as a test of our numerical procedure. We will then consider more general values of z where ϕ (r) is nonzero and the BH deviates from exact SAdS, as well as non-minimal couplings of ϕ to the test scalar. In what follows, we will work in units where m p = 1. Furthermore, we will rescale our distances so that l = 1 i.e. r and M both have units of l.
III. QUASI-NORMAL MODES

A. Minimal Coupling
We first consider a test scalar field Φ, minimally coupled to the metric but not to ϕ. This is the simplest situation one can envision and we will henceforth refer to it as the minimally coupled case. This is in contrast to the case where one has direct couplings between ϕ and Φ, which we will refer to as the non-minimally coupled case. The minimally-coupled Lagrangian is
2 Note that it is not possible to choose a value of Λ such that the solution is an asymptotically de Sitter (dS) BH. Such a choice cannot lead to the formation of a cosmological horizon. One could choose z < 0, but this results in a naked curvature singularity that is not hidden behind a horizon [65] . 3 It is important to note that the cosmological constant for this black hole differs from Λ (see Eqn. (4)) so that this still represents a non-GR solution. In particular, one would expect metric perturbations to differ from their GR counterparts. In the limit z → 0 the theory reduces to GR, in which case the vacuum solution is an SAdS black hole with AdS length set by Λ. Since SAdS BHs are solutions of both theories, they are observationally indeistinguishable if one only considers their static, stationary properties, but their different dynamics, such as metric perturbations and interaction with matter, can be used to distingish between the two theories.
and, ignoring the back-reaction of Φ on the spacetime, the metric is given by Eq. (2) so that the equation of motion of Φ is
For our static and spherically symmetric background, one can separate the dependence on coordinates as
where Y m j (θ, φ) are the usual spherical harmonics with degree j and order m. Defining
and introducing the tortoise coordinate r * given by dr * = dr/f (r), Eq. (8) can be written in a similar form to the Schrödinger equation:
where the effective potential is We plot V (r) for large and small BHs for the SAdS case z = 1/3 in Fig. 1 . Consider perturbations outside the BH, i.e. r h < r < ∞. From Eqs. (3) and (10), we see that f ≈ 4πT (r − r h ) as r → r h , and f ≈ C 1 r 2 as r → ∞. C 1 is a positive constant. From the definition of the tortoise coordinate, we find
Here C 2 is an integration constant which can be freely chosen. We set it to π/2. Clearly, r * tends to −∞ as r approaches r h so this coordinate takes values in the range −∞ < r * < π/2. It is evident that, for any value of z, V (r) vanishes as r * goes to −∞ (as r approaches r h ), and V (r) diverges as r * goes to its upper bound π 2 (as r goes to ∞), as shown in Fig. 1 . The QNMs are then naturally defined as the complex values of ω = ω ST , so that the solution of Eq. (11) has the following asymptotic form,
We apply the numerical approach proposed in [62] to solve for the QNMs; the details of this method are outlined in appendix A. Note that for SAdS BHs in GR, the imaginary parts of the QNM are always negative ( (ω GR ) < 0) [62] . This implies that the modes always decay. The same is true for all asymptotically AdS BHs in the theory we consider here, i.e. (ω ST ) < 0; we refer the reader to reference [62] for a formal proof.
1. Quasi-normal Modes for z = 1/3
As discussed above, when z = 1/3 we have h(r) = 1 and f (r) = F (r) = 1 − 2M r + r 2 so that the metric has precisely SAdS form (note that ϕ (r) = 0). The QNMs will then be those of the SAdS BH, even if there is a finite coupling between Φ and ∂ϕ. We begin by studying the QNMs for the radial perturbations, i.e. j = 0 modes, for r h between 10 and 1/4, for the principal QNM and the first two overtones. As r h becomes smaller, a larger order of expansion is needed to get precise solutions. For example, 50 orders are sufficient for r h = 10, while 450 orders are considered for r h = 1/4 in order to be precise to 3 decimal places. Our results for typical values of r h are shown in Tab. (I) in Appendix B and are plotted in Fig. 2 .
For large BHs, the relations ω ST ) = −7.18r h . This relation breaks down for smaller BHs. As found by [66] , the QNMs of SAdS BHs approach those of a pure AdS space as the hole becomes very small.
Next, we consider non-radial perturbations, i.e. j > 0. It is necessary to go to larger orders in the expansion in order to get convergent results for larger values of j. We were able to calculate the principal QNM for j up to 30, for r h down to 4. Typical results are listed in Tab. (II) in Appendix B, and these are plotted in Fig. 3 . (a) (ωST ). As seen, both of the real and imaginary parts of QNMs increase with j, with the change becoming less significant for larger BHs. Our results are consistent with those of [62] , who have studied SAdS BHs previously.
Quasi-normal Modes for z > 1/3
When z > 1/3, two factors contribute to the change in QNMs: the spacetime (2) deviates from SAdS, and there is a potential coupling between the test field and ϕ. In this section, we consider the former, the latter is the topic of the next section. As before, we begin by considering radial perturbations, j = 0. Examining Eq. (11) (using V (r) as given in Eq. (12)), the differences from SAdS are 
and therefore f (r) differs from the SAdS form by a constant factor 1 3z . The potential V (r) then differs from the SAdS potential by 1 3z . As a result,
where ω GR is the corresponding QNM for an SAdS BH (solution in GR) with the same horizon r h . We plot the above relation as dashed lines in Fig. 4 for the principle QNM as well as the first and second overtones, and compare them with our numerically computed QNMs (only the principal mode is shown for r h = 0.6 since it is sufficient to illustrate that the relation breaks down for small BHs). As expected, our data points follow these lines very well for large BHs but the deviation is significant for small BHs, i.e. r h < √ z. This can be seen in the figure as small deviations at large z for the case r h = 5.
In general, (ω ST ) and − (ω ST ) decrease with increasing z. Physically, this means the dominant perturbation oscillates with a longer period and decays more slowly as z increases. From an AdS/CFT correspondence point of view, this means it takes a longer time to reach equilibrium. For large BHs, this change follows the z −1/2 trend as discussed above. For small BHs, (ω ST ) changes more slowly while − (ω ST ) changes more rapidly with z.
We also plot the imaginary part of the QNMs as a function of r h for z = 2 in Fig. 5 . As discussed in the previous subsection, (ω ST ) is proportional to T for large BHs, and to r h for intermediate-size BHs. As seen
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ •
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ here, the linear relation with T still holds for large BHs for z > 1/3, with different proportionality. And the linear relation with r h also holds for intermediate-size BHs, with the proportionality reduced by a factor of (3z) 1/2 . Note that these linear relations break down at larger values of r h than the SAdS BH relations. As discussed by [62] , (ω ST ) never scales as r h no matter the value of z.
Next, we compute the non-radial QNMs for different values of z and plot them in Fig. 6 . We choose r h = 10.
4
This constitutes one of the new results of this work. For each value of z, higher-j order QNMs have both larger real and imaginary parts. And the change of QNMs with j becomes more significant for larger values of z.
Comparing Fig. 6 with Fig. 3 shows that increasing z has a similar effect to decreasing r h . The reason for 4 The QNMs for different values of r h (provided r h > 1 and r h > √ z) have similar dependencies on j and z. this can be seen from the the metric. For r h 1 and r h √ z, the metric functions (Eq. (3)) show that the metric is approximately SAdS with
This clearly shows that, for large BHs and not too large z, increasing z would reduce r h while keeping the approximate SAdS form and AdS radius l of the BH fixed. In this subsection we consider a coupling between the test scalar and the gravitational scalar ϕ. The simplest form of coupling preserving the shift symmetry of the field ϕ, ϕ → ϕ + c with c constant, and the reflection symmetry of Φ (Φ → −Φ) and ϕ (ϕ → −ϕ) is
where ξ is a dimensionless coupling constant. The equation of motion for Φ is now modified to
which still reduces to the form of a Schrödinger-like equation for ψ when written in terms of the tortoise coordinate, but with the effective potential
where ϕ (r) is given by Eq. (3). The first and third terms both vary as r 2 when r → ∞, and therefore there is a critical value of ξ above which V (r) → +∞ as r → ∞, but below which V (r) → −∞ as r → ∞. This critical value is
At ξ = ξ c , V (r) is dominated by the second term and becomes constant as r → ∞. For j = 0, V (r) ∼ 1/r → 0 as r → ∞. For ξ ≤ ξ c , our boundary conditions (Eq. (14)) in the definition of QNMs no longer apply. For this reason, we will only consider values of ξ above ξ c . The effective potential is plotted in Fig. 7 for this case for different values of ξ. The principal QNMs are plotted in Fig. 8 , for j = 0 and r h = 10. As seen, both (ω ST ) and − (ω ST ) increase as ξ increases. For low values of ξ, (ω ST ) and − (ω ST ) decrease as z increases but for large ξ, (ω ST ) and − (ω ST ) increase with z for small z, and then decrease for large z. Recall that when z = 1/3 the solution is exactly SAdS with ϕ = 0 so that the non-minimal coupling is not relevant and the QNMs converge to the same value whatever the value of ξ. At z = 1/3, ξ c becomes −∞ (Eq. (22)). Therefore, for ξ very close to ξ c , the QNMs have a very steep change with z close to z = 1/3. This is clearly seen in Fig. 8 .
For a fixed value of z, the real part of QNM increases while the imaginary part becomes more negative with increasing ξ. Physically this means the dominant perturbation will have a shorter oscillation period and will decay more rapidly. In terms of AdS/CFT, if such BHs have a CFT dual, this means the equilibrium state is reached faster.
IV. CONCLUSIONS
In this work we have studied the quasi-normal modes of asymptotically Anti-de Sitter black holes that are analytic solutions of a class of shift-symmetric Horndeski theories where a gravitational scalar ϕ is derivatively coupled to the Einstein tensor. We have calculated the QNMs numerically for a massless test scalar both minimally coupled to the metric, and non-minimally coupled to ϕ.
In the case of minimal coupling, we have calculated the principal radial as well as the first two overtones for parameter choices that give exact SAdS solutions. A linear relation between the (complex) frequency ω ST and the Hawking temperature was observed in all cases for large black holes, confirming known analytic expectations. We also calculated the principal mode for non-radial perturbations and found that increasing the horizon radius increases the real part of ω ST and makes the imaginary part more negative.
Moving away from exact Schwarzschild-Anti-de Sitter black holes, we calculated the principal radial mode and first two overtones and found that increasing the coupling z of ϕ to gravity decreases the real part and makes the imaginary part of ω ST less negative at fixed black hole radius. We predict and numerically confirm the relation ω ST ∝ z −1/2 for large black holes. In the context of the AdS/CFT correspondence, the dual theory exhibits perturbations from the thermal state that decay more slowly. We also calculated the principal non-radial mode and found that, for a black hole with a fixed radius, stronger couplings to gravity have a similar effect to decreasing the horizon radius in the case of Schwarzschild-Anti-de Sitter black holes.
Finally, we considered, for the first time, a nonminimal coupling between ϕ and the test scalar Φ; we chose the lowest-order operator that respects the symmetries of both fields. We found that there is a critical value of the dimensionless coupling constant ξ below which the structure of the effective potential for perturbations changes so that lim r→∞ V (r) = −∞ and the QNMs satisfying the usual boundary conditions (Eq. (14)) are not well-defined. We numerically calculated the principal radial mode for values of ξ larger than this critical value and found that stronger non-minimal couplings increase the real parts and decrease (make more negative) the imaginary parts of the frequency i.e. they give rise to QNMs that oscillate with a shorter period and decay faster than the equivalent (same z) minimally coupled models. choose the former solution, i.e. α = 0. Next, we need to satisfy the other boundary condition, i.e. Ψ(x = 0) = 0. This is achieved by solving the series in a n to order N, and setting Ψ(x = 0) = N n=0 a n (ω)(0 − x h ) n = 0.
We solve the resulting polynomial equation in ω numerically; the precision of the solution can be checked by varying N and checking the convergence of the results.
Appendix B: Data tables
In this appendix, we tabulate the QNMs for typical values of the BH horizon radii r h , for z = 1/3 (SAdS BH). Table I shows the first three QNMs for radial perturbations (j = 0). 
ST ) and the first two overtones (ω (1,2) ST ), for different BH horizon radii. Here z = 1/3 and j = 0. 
